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Relativistic Speed Composition Formulas

Someone was asklng about how we can be sure the correct  re lat iv ist ic

speed composi t ion formu]a is (u+v)/(1+uv) rather than, say

sin{ arctanI tan(arcsin(u))  + tan(arcsin(v))  ]  ]

I 'm not aware of  any part i -cular mot lvat ion at  the present t ime to

seek a new addj , t ion formufa for  speeds, at  least  not on the

macroscopic scale,  because the reLat iv ist ic rule works.splendidly,

and ls the onJ-y rule consistent wi th the overal l  retat iv ist i -c

structure that  has been so successful-  at  descr ib ing and predict ing

physical  phenomena. On the other hand, i t 's  somet imes interest ing

to review the simple algebraic equat ions associated with relat iv j  ty

and compare them - f rom a purely formal ist ic standpoint  -  wi th other

funct ions of  the same general  c l -ass,  to c lar i fy what dist inguj-shes

the forrnulae that work f rorn those that don' t '

Let t ing v12, v23, and vl-3 denote the pairwise vel-oci t ies ( in geometr ic

uni ts)  between three co- l inear part ic les P1'  P2, P3, a composi t ion

formula reJ-at ing these speeds can general ly be expressed in the form

f (v13) :  f  (v l2)  + f  (v23)

where f  is  some funct ion that t ransforms speeds j -nto a domain where

they are s i -mply addi t ive.  I t ,s c l -ear that  f  must be an "odd"
funct ion, i .e. , f ( -x) : - f (x) , toensurethatthesamecomposi t ion
formula works for  both posi t ive and negat ive speeds. This rules out

transforms such as f  (x)  :  xn2, f (x)  :  cos(x)r  and al-1 other "even"
funct ions.

The general  "odd" funct . ion expressed as a power ser ies is a . l -1near

comb:-r iat ion of  odd Powers'  i .c . ,

f (x)  c1 x + c3x^3 + c5x^5 + c '7xn1 + .
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so we can express any such funct ion in

[c1,  c3 ,  .  .  . ] .  For examPle, i f  we take
we have the simpte t ransform f  (x)  = xt

composi t ion formula
vl-3 :  vL2+v23

For another example,  suppose we "welght"
proport ion to the exponent by using the

L/ '1 ,  . . .1.  Thi-s gives the t ransform

terms of  the coeff ic ients
the coeff ic ients [1,0,0,  . .  .  ]

which qives the Gai i - lean

t1l

each term i -n inverse
coeff ic ients [1,  I /3,  I /5 '

atanh (x)

t2al

we al-so have the

leading to Einsteints rel-at iv ist ic composi t ion formula

atanh(v13) :  atanh(v12) + atanh(v23)

From the ident i ty atanh (x)  :  ln [  (1+x) /  ( I -x l  )  /2
equivalent muLt iPl icat ive form

/L+v13\
(  - - - - - - - -  )  :

\  j  -  vLJ /

/ i .+ v12\ / t+ v23\
(  - - - - - - - - -  )  (  - - - - - - - - -  )
\1-v l2/  \1-v23/

t  2bl

which is arguably the most naturaf  form of  the relat iv ist ic speed

composi t ion law. In fact  the veloci ty parameter p :  (1+v)/(1-v)

gives very natural  expressions for many other observables as we}I ,

incl-udinq
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re lat iv ist ic doppler shi f t

spacet ime interval  between
two inert ia l  part ic les each
1 uni t  of  proper t ime past
their  point  of  intersect ion

sqrt  (p)

Incidental ly,  to give an equi- lateral  t r iangj-e in spacet ime, th j -s
last  equat ion shows that two part icLes must have a mutr la l  speed of
sqrt(5)/3:0.745.. .

Anyway. pressing on with th is (admit tedly superf ic ia l )  approach to
div in i i rg the correct  speed composi t ion law on pu::eIy forrnal- ist ic
grounds, consider the set of  (odd) coeff ic ients [1,  ] - '  1,  . . . f ,
corresponding to the "odd geometr ic ser ies"

f  (x)  :  x + x^3 + x^5 + x^7 + . . .  x/(L -  x^2)

I f  we adopt th is t ransform, our composi t ion formula would be

v13 vL2 v23
t3 l

the
t .o correct
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! -vI3^2 1-

Here we see that each speed is
re lat iv ist j -c "gamma" factor.  A

each speed with gamma i tsel f ,  i

I  -  v23^2

by the square of
on this woul-d be

v3-2n2

vl- 3

normaf ized
var i -at ion

vrz v23
[4a]

sqrt [1,  -  vI2^2] qnr l -  f1 -  t t ) '1.^)1
-J 

a I

In t r igonometr lc form this can be wri t ten as

tan (asin (v13) )  :  tan (asin (v1'2) )  + tan (asin (r '23) )  I4bl

and using some basic t r ig rdent i t ies i t  can al-so be expressed in
terms of  hyperbol ic funct ions as

sinh(atanh(v13))  :  s inh(atanh(v12))  + s inh(atanh(v23))  [4c]

Not ice that  [4c]  is  reLated to the relat iv ist . ic  formula l2al  s impty
by apply ing the hyperboj- ic s ine to each term. The power ser ies
coeff ic ients of  s inh(atanh(x) )  are [1,  t /2. ,  3/8,  5/16, . . . ] ,  which
seem somewhat less "natural"  than any of  the previous coeff ic ient
sets.  Furtherrnore,  both t3 l  and [4]  suf fer  f rom the fact  that
al though they are s ingular at  arguments of  1,  the s lope of  v13
does not go to zero as v12 and v23 approach 1.

To remedy th.is we could instead apply the INVERSE hlperbolic sine
to the terms of  [2 i ,  g iv ing the composi t ion formula

asinh(atanh(v13) )  asinh(atanh(v12) )  + asinh(atanh(v23) ) LJI

which DOES have a zero s lope at  arguments of  1.  Not surpr is ingly,
the discrepancy between t5l  and the relat iv ist ic formula t2)  is about
the same as the discrepancy between t4l  and [2] ,  but  in the opposi te
di-rect ion.  As a resul t ,  the average of  the composi t ions based on
t4) and t5l  is  near ly indist inguishable f rorn the rel-at iv ist ic
composi t ion 12).
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